Abstract. In this paper we provide sucient conditions for the existence of a non-degenerate Hopf bifurcation in the equilibria corresponding to the rotation around the vertical axis of a symmetric gyrostat with a xed point under the eect of an axially symmetric potential.
Introduction
The general study of the dynamics of rigid solids and gyrostats has been presented extensively in the classic literature. Eulerian, Lagrangian and Hamiltonian formulations of such dynamics have been the main tools used in the formulation of these problems (see for instance [2, 3, 4] or [8] ).
It is known that a gyrostat is a mechanical system S made of a rigid solid S 1 to which other bodies S 2 are connected; these other bodies may be variable or rigid, but must not be rigidly connected to S 1 , so that the movements of S 2 with respect to S 1 do not modify the distribution of mass within the compound system S.
For instance, we can envision a rigid main body S 1 , designated as the platform, supporting additional bodies S 2 , which possess axial symmetry and are designated as rotors. These rotors may rotate with respect to the platform in such a way that the mass distribution within the system as a whole is not altered; this will produce an internal angular momentum, designated as gyrostat momentum, which will be normally regarded as a Key words and phrases. Hamiltonian system, Hopf bifurcation, gyrostat, stability. 2000 Mathematics Subject Classication: 34J15, 34J20, 53D17, 70F07, 70K42, 70H14.
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constant. Note that when this constant vector is zero, the motion of the system is reduced to the motion of a rigid solid.
Vito Volterra was the rst to introduce the concept of a gyrostat in [9] , in order to study the motion of the Earth's polar axis and explaining variations in the Earth's latitude by means of internal movements that do not alter the planets's distribution of mass.
Among the various aspects related to these problems that are discussed in the literature, we can highlight the following:
1. Equilibria and stabilities in rigid bodies and gyrostats, either with xed point or in orbit. 2. Periodic solutions, bifurcations, or chaos, in various gyrostat motion problems. 3. Integrability and rst integrals for the problem.
These problems are undoubtedly appealing, not only in the eld of astronautics because of the need for placing satellites (whether rigid or gyrostatic) in stable orbits with stable orientations, but also in hydrodynamics, specically in the study of equilibria and their stabilities for underwater vehicles with symmetric rotors.
Moving to the study of the motion of solids and gyrostats, we can consider problems that are simpler, yet not less important, related to the motion of a gyrostat with a xed point. The study of its equilibria and stabilities in such gyrostats, under diering Newtonian potentials is interesting as a rst approximation towards addressing complex problems.
Interest in the study of gyrostats is clearly evident, as such study allows certain equilibrium solutions, which are unstable in the case of the rigid solid, to be made stable through proper selection of the gyrostatic momentum.
New approaches, both for classical and modern problems, can arise through the introduction of new mathematical tools. Using mechanicsgeometry is one way for such problems to be addressed, as well as new perspectives in their study to be developed.
In this work we will use such methods to describe sucient conditions for the existence of a nondegenerate Hamiltonian Hopf bifurcation in a generalized LagrangePoisson problem. By generalized Lagrange Poisson problem we are specically referring to a mechanical system formed by a symmetric gyrostat that has a xed point and is under an axially symmetric potential. We will employ the geometric method in order to study the existence and nondegeneration of this particular type of bifurcation ( [7] , [5] , [1] ).
When using the geometric method, certain hypotheses must be satised. These are:
H1. The stratication of the space of the orbits in reduced spaces must be locally equivalent to the standard case.
H2. When the bifurcation parameter changes, the aggregate level of energy in the origin must change with non-zero speed, moving from the outside of the cone to cutting the inside of the cone.
H3. The aggregate level of energy must have a second-order contact at the vertex of the cone for the value of the parameter where the possible bifurcation exists.
The paper is structure as follows. In section 2 the equations of motion of the standard and the LagrangePoisson formulation of the problem are obtained. In section 3 by the application of the geometric method previously described sucient conditions for the existence a nondegenerate Hopf bifurcation are obtained.
Equations of motion
The equations of motion for a gyrostat with a xed point (see [6] ) are given by:
(1)
where
is the angular momentum of the gyrostat considered as a rigid solid;
• Π = π + l is the total angular momentum vector for the gyrostat, where l = (l 1 , l 2 , l 3 ) is the gyrostatic momentum, assumed to be constant;
• ∇ z f is the gradient of f with respect to the vector z ∈ R 3 .
Equations (1) can be written in vector form using the following relations:
where U (k) is the potential function for the system. Remark 1. If l = 0 then we have the usual equations for a rigid solid with a xed point under potential U .
2.1. Integrals of motion. The above mentioned mechanical system has three rst integrals, namely
with a, h ∈ R.
Gyrostat with a xed point as a LagrangePoisson system.
Below, we will present the equations of a gyrostat with a xed point as a LagrangePoisson system. To do so, let us consider a manifold M with a given Hamiltonian function H and a Poisson tensor B;
and let us dene the operator J : M → M as
Remark 2. The operator J * is the only linear transformation satisfying the condition
for all x, y ∈ M.
In the following result we show the characteristic properties of the operator J.
Proposition 3. The operator J satises the following conditions:
2) dim(ker J) = 2 and also
3) J * = −J;
4) Considering the submanifold M a,l of M dened as
we have that
where T z (M a,l ) is the tangent space on the manifold M a,l at z = (π, k).
Proof. Direct calculations clearly show that J is antisymmetric. On the other hand, for all (u 1 , u 2 ) ∈ M satisfying J(u 1 , u 2 ) = 0 we have that
and then
For the same reason, we have that
and furthermore, based upon the above consideration, we have that
in other terms, it holds that
for some α 2 ∈ R. Consequently, we have that if
with α 1 , α 2 ∈ R. Next we will show that J * = −J. In order to do so, we observe the following identities:
from which we can deduce that J * = −J. Finally, let us prove the last statement; we have that
where z = (π , k ). On the other hand, it is also
and therefore it holds that
For each z ∈ ImJ z it holds that
The following relations are then satised:
⊥ , and since (ker J * ) ⊥ = ImJ z , we have that z ∈ ImJ z .
The following lemma describes vector elds X ∈ X (M a,l ).
Lemma 4. Each tangent vector X z ∈ T z (M a,l ) can be written as
Proof. All that we need to do is apply the previous proposition.
Denition 5. Let us dene
with F ∈ C ∞ (M).
Next we will dene a Lagrange bracket on the tangent bundle to the manifold M a,l .
Proposition 6. The application
[ , ] : T M a,l × T M a,l → T M a,l dened as [X F , X G ](V ) = X F · ∇ z (X G · ∇ z V ) − X G · ∇ z (X F · ∇ z V ) for F, G, V ∈ C ∞ (M) is a Lagrange-Poisson bracket. Furthermore, it holds that [X F , X G ] = −X {F,G} with {F, G} = ∇ z F · X G .
Proof. First of all, let us show that
and {F, G} is therefore antisymmetric. Analogously, it can be shown that {F, G} is bilinear and that it satises the Jacobi identity. On the other hand, the form ω ∈ T * M a,l dened by the identity
Furthermore, ω is closed since
is a Lagrange-Poisson bracket. Also, we have that
With this proof we have conrmed that ω denes a closed dierential 2-form. Proposition 7. The form ω dened as
Proof. By denition we have
and therefore ω(X E , X F ) = −J(∇ z E) · ∇ z F = 0 which means that ω is non-degenerate.
As a direct consequence of the results above, the following proposition may be given. Proposition 8. The Poisson tensor associated with ω is given by
where l = (l 1 , l 2 , l 3 ) is the gyrostatic momentum and v is the image of v through the isomorphism between the Lagrange algebras R 3 and so(3), i.e.,
Based upon the results we have obtained so far, we now have the conclusion that, given H ∈ C ∞ (M), the system (M, B(z), H) is a noncanonical Hamiltonian system. Proposition 9. The geometric structure associated with the motion of a gyrostat with xed point O and constant gyrostatic momentum is given by the following Lagrange-Poisson bracket dened in M as
with F, G ∈ C ∞ (M) and where π = (π 1 , π 2 , π 3 ) is the angular momentum of the gyrostat seen as a rigid solid, k = (k 1 , k 2 , k 3 ) is the Poisson vector and l = (l 1 , l 2 , l 3 ) is the gyrostatic momentum. The Poisson tensor associated with said bracket is given by the following expression:
Proof. All we need to do is calculate {π i , π j }, {π i , k j }, {k i , k j } using the formula (4).
When H is given by the formula
where I is the inertia tensor associated with the gyrostat and where U ∈ C ∞ (M), the following facts are true.
Proposition 10. The Lagrange-Poisson equations associated with the Hamiltonian H are given by the formulas
If the gyrostatic momentum is zero, then the above formulas reduce to the formulas corresponding to those of a rigid solid with a xed point. The problem has two Casimir functions given by the formulas (8)
where φ 1 and φ 2 are dierentiable functions. Together with the Hamiltonian, such a system generally has two integrals of motion, in involution.
Proof. Clearly the relations
are true for h ∈ C ∞ (M), so that we have
The equations of motion can be written explicitly as
For the particular case of a symmetric gyrostat with I 1 = I 2 and gyrostatic momentum l = (0, 0, l), under an axially symmetric potential U (k 3 ), we have
The problem then has a new integral of motion, namely
3.2. Sucient conditions for the existence of a non-degenerate Hopf bifurcation. We will analyze the case corresponding to the equilibrium given by z e = (0, 0, b, 0, 0, 1). In a similar manner it will be possible to deal with the equilibrium z e = (0, 0, π 0 , 0, 0, −1). Following [7] , let us consider the function
and let us determine, when a = b + l = ±2 I 1 U (1), which conditions must be met by the parameters in order for a non-degenerate Hopf bifurcation to exist.
• Condition H1, namely, f b+l (1) = 0, is satised since we have
• On the other hand, for appropriate values of the gyrostatic momentum, condition H2, namely,
f b+l (1) = 0, is satised provided that l = ±2 I 1 U (1) − b.
• Finally, condition H3, namely, f b+l (1) = 0, b + l = ±2 I 1 U (1), is satised provided that U (1) + U (1) = 0.
Let us now summarize all of these results in the following statement consequence of the application of the previous geometric approach.
Theorem 15. Under the previous conditions, at the equilibrium z e = (0, 0, b, 0, 0, 1), if it holds (b + l) 2 = 4I 1 U (1) with l = ±2 I 1 U (1) − b and U (1) + U (1) = 0, then there exists a nondegenerate Hamiltonian Hopf bifurcation.
Conclusions
Applying the geometricmechanic method introduced by Hanÿmann and Van der Meer [5] we have provided sucient conditions for the existence of a nondegenerate Hopf bifurcation at the equilibrium points corresponding to the vertical rotations of a gyrostat with a xed point suering the eects of an axially symmetric potential. This technique allows us to obtain these results with an easier and cleaner approach to the classical one which implies in general dicult calculations which avoid to complete the study like was the case in this problem.
